The chemical bond is an important local concept to understand chemical compounds and processes. Unfortunately, like most local concepts, the chemical bond and the bond order do not correspond to any physical observable and thus cannot be determined as an expectation value of a quantum chemical operator. We recently demonstrated [Boguslawski et al., J. Chem. Theory Comput., 2013, 9, 2959-2973 that one-and two-orbital-based entanglement measures can be applied to interpret electronic wave functions in terms of orbital correlation. Orbital entanglement emerged to be a powerful tool to provide a qualitative understanding of bondforming and bond-breaking processes, and allowed for an estimation of bond orders of simple diatomic molecules beyond the classical bonding models. In this article we demonstrate that the orbital entanglement analysis can be extended to polyatomic molecules to understand chemical bonding.
Introduction
Albeit computational chemistry has reached a remarkable level in the quantitative description of atoms and molecules [1] [2] [3] [4] , these achievements came along with a fading qualitative understanding. To remedy the receding interpretation of complex total electronic wave functions, quantum chemistry introduced various analysis tools based on local properties, that is properties of atoms or functional groups of atoms in a molecule, like, for instance, bond orders, atomic charges in molecules and local spins [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Such local concepts allow us to interpret electronic structures in terms of intuitive building blocks and favor a qualitative understanding of chemical processes. Similar approaches such as hardness, softness, electronegativity and related properties emerged within conceptual density functional theory 23 .
The bond order [24] [25] [26] [27] [28] [29] [30] [31] [32] is an important and popular local concept to understand chemical bonding. It constitutes a quantitative measure for the formal number of (covalent and ionic) bonds formed between two neighboring atoms. The bond order can elucidate the stability and the strength of a chemical bond and can be thus considered as a guide to chemical synthesis. Unfortunately, the chemical bond or the bond order cannot be unambiguously assigned to any quantum chemical observable. As a consequence, various bond order concepts have been introduced in quantum chemistry for both one-determinant 27, 28, 33, 34 and correlated wave functions 35, 36 .
Conceptually different bond-order measures have been developed for one-determinant wave functions that are based on a simple electron counting scheme [37] [38] [39] [40] and thus provide an intuitive and convenient picture of the chemical bond. An extension of the electron-counting scheme to correlated wave functions was presented by Roos et al. 40 who introduced an effective bond order between two atomic centers that is based on natural occupation numbers of molecular orbitals and thus determined from a one-particle density matrix. As the natural occupation numbers may have non-integer values, the resulting effective bond orders will be non-integer, as well. The true bond order is defined as the lowest integer larger or equal to the total effective bond order value.
Alternatively, the nature of the chemical bond can be investigated using concepts from quantum information theory [41] [42] [43] [44] [45] [46] [47] . Following the observation that one-and two-orbital-based entanglement measures provide quantitative means for an assessment and classification of electron correlation effects among molecular orbitals 46, 48 , an entanglement analysis on bondformation and dissociation processes of diatomic molecules 47 was presented by some of us. Our entanglement study indicated that concepts from quantum information theory can be used to retrieve deeper insights into electronic structures and molecular processes. Furthermore, entanglement measures based on many-particle reduced density matrices offer a conceptual understanding of bond-forming and bondbreaking processes. The entanglement analysis comprises two entropic measures which quantifies the quantum information exchange between molecular orbitals and molecular orbital pairs 45, 47 ; (i) The single-orbital entropy that is determined from the eigenvalues w α,i of the one-orbital reduced density matrix of a given orbital i,
where α runs over all local states of one molecular orbital (there are 4 in the case of spatial orbitals). (ii) The mutual information that measures the correlation of two orbitals embedded in the environment of all other active space orbitals,
where i, j = 1 . . . k is the orbital index of all k active space orbitals and δ i j the Kronecker delta 49 . In the above equation, s(2) i, j is the two-orbital entropy and is determined from the eigenvalues w α,i, j of the two-orbital reduced density matrix ρ i, j of orbital pair {i, j} 47 ,
So far, the entanglement analysis has been applied to the dissociation process of simple diatomic molecules, while its application to larger molecular systems has not been investigated, yet. In this work, we will study the performance of orbital-based entanglement measures in resolving bondbreaking processes and in dissecting electronic structures in terms of entangled molecular orbital building blocks for a number of diatomic and polyatomic molecules. Our set of prototypical molecules covers singly, doubly and triply bonded carbon-carbon, carbon-phosphorus and silicon-silicon centers.
Methodology

Structure optimization
All molecular structures were optimized using the Amsterdam Density Functional program package 50-52 employing the BP86 53,54 exchange-correlation functional and the Triple-ζ Polarization basis set 55 . The bond lengths of the two dissociating centers (cf. Table 1 for equilibrium bond lengths) were systematically varied while the structure of the fragments connected to these centers was relaxed (constrained geometry optimization). The optimized structures of all polyatomic molecules can be found in Tables I-VI of the Supporting Information.
CASSCF
All Complete Active Space Self-Consistent Field [56] [57] [58] (CASSCF) calculations have been performed using the MOL-PRO 2010.1 program package 59 . As active space, the full valence shell was taken for all molecular systems (i.e. H: 1s; C: 2s, 2p x , 2p y and 2p z ; Si, P: 3s, 3p x , 3p y and 3p z ). For the C 2 , C 2 H 2 , C 2 H 4 and Si 2 H 4 molecules, D 2h point group symmetry was imposed, while for HCP and [CP] − C 2v point group symmetry was used. For C 2 H 6 and Si 2 H 2 , C 2h point group symmetry was set. All CASSCF active space sizes are summarized in Table 1 .
For all molecules but C 2 , Dunning's cc-pVTZ basis set was used with the following contractions H: (5s, 2p, 1d) → 
DMRG
All DMRG calculations were performed with the BUDAPEST DMRG program 62 . As orbital basis, the natural orbitals obtained from the CASSCF calculations as described in the previous section were used. The active spaces were extended by including additional virtual, Fock-type orbitals for each molecule as summarized in Table 1 , 5b u and 3b g for Si 2 H 2 , and finally, 5a g , 2a u , 5b u and 2b g for C 2 H 6 . We refer the reader to Table 2 for the correspondence of irreducible representations of Abelian subgroups chosen in the calculations of linear molecules and the full point group symmetry (D ∞h and C ∞v ).
To enhance DMRG convergence, the orbital ordering was optimized 45 and the number of renormalized active-system states was chosen dynamically according to a predefined threshold value for the quantum information loss 63 employing the dynamic block state selection approach 64, 65 . As an initial guess, the dynamically extended active-space (DEAS) procedure was applied 63 . In the DMRG calculations, the minimum and maximum number of renormalized active-system states was set to 512 and 1024, respectively, while the quantum information loss χ was set to 10 −5 in all calculations. For the C 2 molecule it was necessary to increase the maximal number of renormalized active system states to 2048. The notation DMRG(x,y)[m max , m min , χ] indicates that x electrons are correlated in y orbitals, while the minimal and maximal number of active-system states was set to m min and m max , respectively The minimal number of active-system states during the DEAS initialization procedure was set equal to m max in all calculations.
The convergence behavior of all DMRG calculations with respect to the DMRG parameter set is discussed in the Supporting Information. Table 2 Resolution of the relevant irreducible representations of D ∞h and C ∞v point groups in terms of those of the D 2h , C 2v and C 2h subgroups 66 .
Interpretation of entanglement diagrams
To illustrate the entanglement measures, we use a diagrammatic representation of the mutual information and singleorbital entropies as discussed in Refs. 46,47. The mutual information I i, j between each orbital pair {i, j} is color-coded; strongly entangled orbitals are connected via blue lines (I i, j ≈ 10 −1 ), moderately entangled orbitals are linked by red lines (I i, j ≈ 10 −2 ), while weakly entangled orbital pairs are indicated by green lines (I i, j ≈ 10 −3 ). The single-orbital entropies, Eq. (1), and mutual information, Eq. (2), corresponding to molecular orbitals associated with a chemical bond, i.e., the bonding and antibonding orbital pairs, are large (s(1) i > 0.4 and I i, j ≈ 10 −1 ) when bonds are stretched, while the remaining (active space) orbitals are only moderately (0.1 < s(1) i < 0.4 and I i, j ≈ 10 −2 ) or weakly entangled (s(1) i < 0.1 and I i, j ≈ 10 −3 ) 47 . Thus, in the dissociation limit, each bonding and antibonding orbital pair that is important to describe chemical bonding between two centers becomes strongly entangled and renders the dominant contributions in the I i, j and s(1) i diagrams. This observation provides a qualitative picture of the bond multiplicity between two centers. An entanglement-based (or entropic) bond order can be determined from the total number of steep changes in the s(1) i -diagram observed in the dissociation limit after dividing by two to account for the bonding and antibonding combinations of molecular orbitals.
Furthermore, the rate of growth in s(1) i depends on the type (or entanglement strength) of a specific bond as the one-and two-orbital entanglement measures are derived from the electronic wave function 47 . For instance, s(1) i of orbitals involved in weak π-bonds increase faster than those corresponding to strong σ -bonds. A chemical bond is considered to be broken when s(1) i reaches its maximum value of ln 4 ≈ 1.386. Hence, a quantum entanglement analysis allows us to resolve bond-breaking processes of individual σ -, π-, etc., bonds in multi-bonded centers 47 .
Results
Bonding between two carbon centers
4.1.1 Assessing the accuracy of entanglement-based bond orders for polyatomic molecules. The carbon-carbon bond is a fairly strong covalent bond, which gives rise to an enormous variety of organic molecules. The strength of this bond largely depends on its multiplicity; the higher the multiplicity the stronger the carbon-carbon bond. It is well-known and generally accepted that the carbon-carbon bond is weakest in alkanes, stronger in alkenes, and strongest in alkynes, where singly-, doubly-and triply-bonded centers are formed, respectively 67 . In this study, we choose the three lightest carbon-containing representatives of the hydrocarbon series ethane (C 2 H 6 ), ethene (C 2 H 4 ), and acetylene (C 2 H 2 ). These molecules represent a prototypical test set to study the bond multiplicities in polyatomic molecules by means of quantum entanglement 47 . Figure 1 shows the mutual information and single-orbital entropies obtained from DMRG(14,28) calculations for the C 2 H 6 molecule at two different carbon-carbon distances: 1.0r e and 2.0r e (additional entanglement diagrams for 0.8r e and 1.5r e can be found in the Supporting Information). At the inter-nuclear distance of 1.0r e , all orbitals are moderately and weakly entangled and it remains rather difficult to identify the bonding and antibonding combinations of molecular orbitals corresponding to the single-bond of interest. When the H 3 C fragments are pulled apart, a gradual increase in mutual information and single-orbital entropies can be observed for the bonding and antibonding p σ -orbitals (#3 and #17) in Figure 1 reaching the value of about 0.7 in the vicinity of dissociation (see also Figure 1 of the Supporting Information for more details). We should note that jumps in the mutual information can be indeed observed that occur around I i j ≈ 10 −1 (strongly entangled orbitals) and I i j ≈ 10 −2 (moderately entangled orbitals). Figure 2 shows the the decay of the 20 largest contributions to I i j for all investigated molecules and inter-atomic distances. Our entanglement analysis correctly predicts a bond order of 1 between the two carbon centers of C 2 H 6 (cf. Figure 1) .
The quantum entanglement study of the C 2 H 4 molecule determined from DMRG (12, 28) wave functions is illustrated in Figure 3 (and Figure 2 of the Supporting Information). We obtain a similar entanglement profile as for C 2 H 6 , though the bonding and antibonding p π -orbitals are now more strongly entangled around the equilibrium structure than the bonding and antibonding p σ -orbitals. Pulling the CH 2 fragments apart, weakens first the π-bond followed by the (stronger) σ -bond (see Figure 2 of the Supporting Information for a complete picture). The entanglement-based bond order of carboncarbon in the C 2 H 4 molecule is equal to 2.
The carbon-carbon bond in C 2 H 2 is dissected in Figure 4 . Similar to C 2 H 4 , four orbitals (#8, #11, #22 and #25) have slightly higher values for the single-orbital entropy than all remaining orbitals (s(1) i = 0.2 vs. s(1) i = 0.1) around the equilibrium distance. These are the doubly degenerate C 2p π -and C 2p π * -orbitals. Stretching the CH fragments increases, as expected, first the orbital entanglement of the C 2p π /2p π * -orbitals, followed by the bonding and antibonding combination of the C 2p z atomic orbitals. The entanglement diagram at 2.0r e in the bottom panel of Figure 4 correctly predicts a triple bond between the two carbon centers in the C 2 H 2 molecule.
In summary, our entanglement-based approach for determining bond orders, originally introduced for diatomic molecules, is transferable to polyatomic molecules and correctly predicts single, double and triple bond orders between the carbon-carbon centers in ethane, ethene and acetylene, respectively. 
Notorious case of bonding in C 2 .
The formal bond order of C 2 remains a challenge for present-day chemistry. While multireference configuration interaction calculations on the carbon dimer suggested a bond order of 2 (cf. Ref. 68 ), a bond order of 4 has been anticipated, as well [69] [70] [71] [72] . However, the presence of a quadruple bond in C 2 has been discarded in the most recent Generalized Valence-Bond (GVB) study presented in Ref. 73 . Taking into account the fact that an accurate quantum chemical description of the C 2 molecule requires a multireference method 32, 68, [73] [74] [75] [76] [77] [78] [79] [80] [81] , a DMRG study combined with a quantum entanglement analysis can provide a complementary entropic perspective on the nature of bonding in C 2 .
As summarized in Figure 5 , the C 2 molecule contains strongly entangled orbitals (#2 and #14) already around the equilibrium distance (compare Figure 5 and Figures 1-4) . These strongly correlated orbitals correspond to the 2p σ and 2p σ * molecular orbitals. When the two carbon atoms are pulled apart, the single-orbital entropies associated with the 2p σ /2p σ * -orbital pair (#2 and #14) gradually decrease from 0.8 at 0.8r e to less than 0.2 at 2.0r e . Simultaneously, the entanglement of the degenerate 2p π and 2p π * molecular orbital pairs increases from 0.3 at 0.8r e to 1.2 at 2.0r e .
We should note that, based on our observations, a true π-bond is associated with strongly entangled p π /p π * -orbital pairs, which comprises larger s (1) for σ /σ * -orbital pairs. A separation of the carbon-carbon centers to 2.0r e gives rise to the traditional π-double bond (dominant contributions to s(1) i ) similar to that found in acetylene, while the 2p σ /2p σ * -orbital pairs do not participate in the chemical bonding (vanishing s(1) i ) . Around the bondbreaking region of 1.5r e , we observe a gradual transition of the singly-bonded C 2 molecule, over two triply-bonded centers to a purely doubly-bonded system.
Our observations underline the complex nature of the chemical bond in the C 2 molecule, which clearly deviates from the classical bonding prototype of single, double and triple bond. Finally, it is important to note that our entanglement analysis is in agreement with the most recent GVB study 73 ; elucidating that the C 2 molecule around the equilibrium distance is well-described "as having a traditional covalent σ -bond". However, our entanglement analysis cannot resolve the antiferrmagnetically coupled electrons in the remaining π-orbitals 32, 73 , due to delocalized natural orbital basis used in this study, where all states equally contribute to s(1) i (see Figure 7 of the Supporting Information, where the contribution of each component of the single-orbital entropy is presented).
Entanglement in silicon-silicon bonding
Si 2 H 2 and Si 2 H 4 are heavier homologues of ethene and acetylene. They exhibit a peculiar nature of the chemical bond that is notably different from those between the carbon centers in C 2 H 2 and C 2 H 4 , respectively 82 . The complexity of the chemical bond in these systems originates (a) from their "trans-bent" geometries [83] [84] [85] (by contrast, C 2 H 4 is planar and C 2 H 2 is linear in their equilibrium structures), (b) from the energetical preference for low-spin states located at the Si centers upon Si-Si bond dissociation [86] [87] [88] [89] , and (c) differences in the spatial distribution of s-and p-orbitals 5 .
For simplicity, we imposed a planar geometry on the Si 2 H 4 molecule. Figure 6 illustrates the performance of the entanglement-based bond analysis for Si 2 H 4 obtained from DMRG (12, 28) calculations. The entanglement diagrams are similar to those of C 2 H 4 indicating doubly-bonded Si-Si centers. The double bond in the Si 2 H 4 compound in its planar structure was also approved in recent theoretical studies [90] [91] [92] [93] [94] . Figure 7 depicts the entanglement profiles for breaking the Si-Si centers in the Si 2 H 2 molecule, obtained form DMRG (10, 28) calculations, where we imposed the "transbent" geometry close to the equilibrium. At 0.8r e and 1.0r e , four orbitals are moderately entangled (#3, #10, #15, #23) that correspond to the 3p n -and 3p n * -orbitals (#3 and #10, lonepair type bonds 87 ) and to the 3p π -and 3p π * -orbitals (#16 and #23), respectively. Stretching the Si-Si centers leads to structural changes from "trans-bent" to "trans-perpendicular" geometries (see Table VI of the Supporting Information for more details). Upon dissociation, the single-orbital entropy of orbitals involved in π-type bonding increases fastest and reaches a maximum value of 0.85 at 1.5r e . At larger interatomic Si-Si distances, s(1) i slightly decreases to 0.8, while the single-orbital entropies of the lone-pair orbital pairs decline to about 0.3 around 2.0r e . This peculiar behavior is caused by structural changes and the reorientation of the Si-H fragments with respect to each other upon dissociation. The quantum-entanglement diagrams extracted at 2.0r e point to a single π-type bonding in the Si 2 H 2 molecule, supported by one weakly entangled bond attributed to the interaction between both Si lone-pairs. We should note, however, that this lone-pair 'bond' 87 comprises the most strongly entangled orbitals around the equilibrium structure.
The entanglement-based bond analysis agrees well with other theoretical findings that the Si 2 H 2 molecule has a double bond in its "trans-bent" geometry and a single bond in its "trans-perpendicular" structure 87, 89, 95 . Our study also supports that the Si-Si bond in Si 2 H 2 is a combination of one π-and one "donor-acceptor" lone-pair-bond 87, 89 . 
Bond multiplicity in carbon-phosphorus centers
The discovery of phosphoalkynes by Gier 96 in 1961 paved the way the way for a new type of chemistry. The more diffuse nature of the phosphorus valence orbitals gives rise to a variety of interesting bonding properties with lighter first-row elements. Notably, the ground state of the phosphorus atom is a quadruplet, allowing for a formal triple bond with the carbon atom. This hypothesis can be elucidated by studying the quantum entanglement of carbon-phosphorus bonding in the CP and [HCP − ] prototypical molecules. An entanglement-bond analysis based on DMRG (10, 26) calculations is presented in Figures 8 and 9 for the CP and [HCP − ] moieties, respectively. At a distance of 1.0r e in both molecules, the π/π * -orbitals (#14, #13, #19, and #30) are moderately entangled while all other orbitals are only weakly entangled. Upon dissociation the single-orbital entropies associated with the degenerate π/π * -orbital pairs, corresponding to the bonding and antibonding combinations of C 2p π -and P 3p π -orbitals, increase faster than those of the σ /σ * -orbital pairs, (#3 and #4) which correspond to the bonding and antibonding combinations of C 2p σ -and P 3p σ -orbitals. In both molecules, the maximum of s(1) i for π-orbitals is reached at 2.0r e and equals approximately 1.3. Additional presence of highly entangled σ -orbitals at this dis- Figure 4) as well as to the triply bonded dinitrogen molecule discussed in Ref. 47 . We should emphasize that all triply bonded centers studied possess similar decays of the mutual information as illustrated in Figure 2 . Finally, it is worth to mention that our findings are in line with previously reported density functional theory studies of carbon-phosphorus bonding in the [CP] − and HCP molecules 97 .
Conclusions
We presented an entanglement-based bond order analysis of carbon-carbon, silicon-silicon and carbon-phosphorus centers. Our approach embraces the mutual information and single-orbital entropy and correctly predicts bond multiplicities in simple polyatomic molecules like ethane, ethene and acetylene, and confirms the triple bonding between the carbon-phosphorus centers in the [CP] − and HCP molecules. The behavior of phosphorus in these prototypical phosphoalkynes closely resembles the bonding situation in the N 2 and C 2 H 2 molecules.
Furthermore, our analysis confirms that the nature of the chemical bond in the C 2 molecule is far more complicated than for their higher substituted analogs like C 2 H 6 , C 2 H 4 , and C 2 H 2 . Stretching the C-C bond in C 2 does not yield a gradually increasing entanglement pattern, which is an indication of the complexity of chemical bonding in the carbon dimer. We also observed such an exceptional behavior of chemical bonding between the Si-Si centers in the Si 2 H 2 molecule which can be explained by structural rearrangements of the SiH fragments upon dissociation.
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